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ABSTRACT

The diurnal and subdiurnal variations of the mass and wind terms of the axial atmospheric angular
momentum (AAM) are explored using a 1-yr integration of the Laboratoire de Météorologie Dynamique
(LMDz) GCM, twelve 10-day ECMWF forecasts, and some ECMWF analysis products. In these datasets,
the wind and mass AAMs present diurnal and semidiurnal oscillations for which tendencies far exceed the
total torque.

In the LMDz GCM, these diurnal and semidiurnal oscillations are associated with axisymmetric (s � 0)
and barotropic circulation modes that resemble the second gravest (n � 2) eigensolution of Laplace’s tidal
equations. This mode induces a Coriolis conversion from the wind AAM toward the mass AAM that far
exceeds the total torque. At the semidiurnal period, this mode dominates the axisymmetric and barotropic
circulation. At the diurnal period, this n � 2 mode is also present, but the barotropic circulation also
presents a mode resembling the first gravest n � 1 eigensolution of the tidal equations. This last mode does
not produce anomalies in the mass and wind AAMs.

A shallow-water axisymmetric model driven by zonal mean zonal forces, for which the vertical integral
equals the zonal mean zonal stresses issued from the GCM, is then used to interpret these results. This
model reproduces well the semidiurnal oscillations in mass and wind AAM, and the semidiurnal mode
resembling the n � 2 eigensolution that produces them, when the forcing is distributed barotropically in the
vertical direction. This model also reproduces diurnal modes resembling the n � 1 and n � 2 eigensolutions
when the forcings are distributed more baroclinically. Among the dynamical forcings that produce these
modes of motion, it is found that the mountain forcing and the divergence of the AAM flux are equally
important and are more efficient than the boundary layer friction.

In geodesy, the large but opposite signals in the mass and wind AAM due to the n � 2 modes can lead
to large errors in the evaluation of the AAM budget. The n � 2 responses in surface pressure can affect the
earth ellipcity, and the n � 1 diurnal response can affect the geocenter position. For the surface pressure
tide, the results suggest that the dynamical forcings of the zonal-mean zonal flow are a potential cause for
its s � 0 component.

1. Introduction

Over the last four decades, the budget of atmo-
spheric angular momentum (AAM) has been the sub-
ject of many studies. For geodesists, this interest follows
that, for nearly all periodicities, changes in AAM cor-
respond to changes in the parameters of the earth’s
rotation (Barnes et al. 1983). For climatologists, this
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interest follows that the AAM varies with planetary-
scale tropical oscillations affecting the climate at in-
traseasonal (Madden 1987; Hendon 1995) and interan-
nual (Chao 1984) time scales. In the extratropics and at
shorter time scales it also varies with traveling Rossby
waves (Lejenäs and Madden 2000), low-frequency os-
cillations (Lott et al. 2001, 2004a), weather regimes
(Lott et al. 2004b), and synoptic-scale eddies (Iskende-
rian and Salstein 1998).

Although early papers revealed substantial links be-
tween observed changes in AAM and changes in the
frictional torque associated with the large-scale vari-
ability of the deep convection in the tropics (Madden
1987), it is now clear that at periodicities below 40 days
the mountain torque dominates the friction torque. Al-
though the relative importance of those two torques has
been debated during the 1990s (see, e.g., Weickmann et
al. 1997), less attention has been paid to the relative
importance of the mass angular momentum and of the
wind angular momentum to the total angular momen-
tum itself. This follows from the fact that the mass
AAM contributes little to the total AAM at long peri-
ods, where most of the AAM variance is contained.
Nevertheless, at periodicities below 25 days, the varia-
tions in mass AAM compare with those in wind AAM.
This equipartition occurs because in this frequency
band (i) the total torque is dominated by the mountain
torque, (ii) the major mountain ranges are located in
midlatitudes so that the mountain torque is essentially
due to a mountain stress applied to the atmosphere in
the midlatitudes, and (iii) the atmospheric response to
this stress is in geostrophic balance (see Lott and
d’Andrea 2005). This process results in lead–lag rela-
tionships between the mountain torque and the mass
AAM, which have some interest for the low-frequency
variability in the Northern Hemisphere extratropics
(Lott et al. 2004a). Indeed, the leading mode of vari-
ability there, the Arctic Oscillation (Thompson and
Wallace 1998), corresponds to a redistribution of mass
from polar latitudes to the midlatitudes and the sub-
tropics. Its variations are associated with substantial
changes in mass AAM (von Storch 1999, 2001). Note,
nevertheless, that Lott and d’Andrea (2005) do not dis-
cuss the fact that the mountain stress can be transmitted
to the zonal flow at a long distance from the mountains
that produce it.

To interpret dynamically the partition between the
mass and the wind AAM in the National Centers for
Environmental Prediction (NCEP) reanalysis data,
Lott and d’Andrea (2005) also used an axisymmetric
shallow-water model and analyzed its balanced re-
sponse. Incidentally, they also found that, when the
mountain torque varies abruptly (i.e., with a time scale

near one day) and results in a force applied to the at-
mosphere in the midlatitudes, it produces wind and
mass AAM oscillations with periods between 12 and 24
h. These oscillations are related to global-scale free in-
ertio–gravity modes with zero zonal wavenumber (s �
0: Longuet-Higgins 1968, hereafter LH68; Tanaka and
Kasahara 1992) produced in the midlatitudes during the
geostrophic adjustment of the model to the torque.
Note that Egger (2003) also discussed the global adjust-
ment to mountain forcing in the context of the AAM
budget.

In the real atmosphere, these modes can influence
the AAM budget at diurnal and subdiurnal periodici-
ties. Indeed, as the surface pressure fields associated
with the traveling atmospheric tides vary in longitude,
they result in a zonal-mean surface stress when zonal
pressure gradients are pronounced over the major
mountain ranges. Note that these pressure gradients
can also be enhanced locally through a dynamical in-
teraction between the traveling tidal signals and the
mountains (Frei and Davies 1993). The daily cycle of
the zonal-mean zonal forces on the atmosphere result-
ing from these interactions between the traveling tides
and the mountains can trigger secondary tides with zero
zonal wavenumber that give substantial but largely
compensating daily fluctuations of the wind and mass
AAMs.

These issues have two potential applications. The
first concerns the evaluation of the earth orientation
parameters. Today, the major technical problems in this
context are in closing the AAM budget at daily time
scales (De Viron et al. 2005): the presence of the large
canceling terms presented in this paper is probably at
the origin of these problems. The second concerns the
dynamics of atmospheric tides. Indeed, our interpreta-
tion of the mass and wind AAM oscillations involve
tidal modes generated by dynamical forcings, which
have not been studied before.

The first objective of this paper is to point out that
the mass and wind terms of the axial AAM budget
present daily oscillations that have no substantial im-
pact on the total AAM itself. The second objective is to
describe the zonal mean and barotropic tidal patterns
associated with these oscillations. The third objective is
to show that these daily oscillations are in part forced
by the daily cycle of the zonal forces acting on the
atmosphere.

The plan of the paper is as follows. Section 2 presents
the Laboratoire de Météorologie Dynamique (LMDz)
General Circulation Model (GCM) used, some diag-
nostic equations for the zonal mean and barotropic flow
evolution, the AAM budget in the LMDz GCM, and
the evolutions of the mass and wind AAMs in the
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LMDz GCM as well in the European Centre for Me-
dium-Range Weather Forecasts (ECMWF) forecasts
and analyses. Section 3 describes the zonal mean and
barotropic flow fields associated with the semidiurnal
and the diurnal motion in the LMDz GCM. Their struc-
ture is compared to the gravest axisymmetric eigenso-
lutions of the Laplace tidal equations presented in
LH68. The dynamical relationship between these fields
and the semidiurnal and diurnal variations of the mass
and wind AAM is also presented. Section 4 proposes a
dynamical interpretation for the origin of these plan-
etary-scale modes of motion, and for the oscillations
between the mass and wind AAM. It is based on a
shallow-water axisymmetric model driven by zonal
forces for which the vertical integral equals the various
stresses issued from the GCM. Section 5 summarizes
and discusses the significance of our results for geodesy
and for the atmospheric tides.

2. AAM budget in general circulation models

a. Description of the LMDz GCM simulations

The model data are derived from a 15-month simu-
lation using the LMDz GCM at 2.5° � 2.5° horizontal
resolution. The model has 19 vertical levels, with a
near-uniform 2-km resolution in the middle tropo-
sphere, up to z � 21 km: The resolution rapidly de-
grades aloft, and the model has only four levels be-
tween 25 and 40 km (the model top). At the lower
boundary, the model is forced by sea surface tempera-
ture and sea ice cover that varies along a climatological
annual cycle deduced from monthly mean data. The
solar shortwave forcing of the model takes into account
both annual and daily cycles. For a more complete de-
scription of the LMDz GCM, see Hourdin et al. (2006)
and Lott et al. (2005a).

The simulation starts from initial fields interpolated
from the ECMWF reanalysis. To avoid spinup prob-
lems, we use only the last 12 months (i.e., one model
year beginning on 1 January). During this year, instan-
taneous values of the two dimensional fields of surface
pressure Ps, barotropic winds, meridional flux of zonal
momentum, and the subgrid-scale surface stresses are
stored every 30 minutes. Finally, it is important to recall
that the LMDz GCM closes well the AAM budget
(Lott et al. 2005b; DeViron et al. 2005) and has realistic
tides [for the surface pressure Ps and for the barotropic
winds, see DeViron et al. (2005)].

b. Zonal mean and AAM budget equations

The conservation law for the axial AAM can be de-
rived by successive spatial integrations of the laws for

the local evolution of the zonal wind and density. If we
first limit these integrations to vertical and zonal aver-
ages, then we obtain

�U

�t
� 2� sin�V � T � F � B, �1�
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�t
�
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r cos�

�

��
cos�V � 0. �2�

Here � is the earth’s rate of rotation, � is latitude, and
r the earth’s radius. In Eqs. (1) and (2) M is the zonal
mean of the atmospheric mass per unit area, while U
and V are the zonal mean of the barotropic zonal and
meridional momentum per unit area, respectively:

M �
1

2� �
0

2� Ps

g
d�, U �

1
2� �

0

2� �
0

PS

u
dp

g
d�,

V �
1

2� �
0

2� �
0

PS

�
dp

g
d�. �3�

Here p is pressure, g the gravity constant, 	 is longitude,
and u(
) the zonal (meridional) wind. The forcing terms
F, B, and T in Eq. (1) are given by
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Here Zs is the ground level elevation and �B is the
subgrid-scale surface friction. More specifically, these
forcings are the divergence of the angular momentum
flux (F ), the surface stress associated with the explicit
longitudinal pressure differences across mountains (T ),
and the zonal mean of the parameterized surface
stresses (B). In this formalism, the global AAM ten-
dency is given by

dM

dt
� T, �5�

where M � MO � MR and T � TM � TB; M is the
absolute AAM, MO is the mass AAM, and MR is the
wind AAM:

MO � 2�r4��
���2

��2

cos3�M d�,

MR � 2�r3�
���2

��2

cos2�U d�. �6�

158 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 65



Still, in Eq. (5) T is the total torque, TM is the mountain
torque, and TB is the frictional torque:

TM � 2�r3�
���2

��2

cos2�T d�,

TB � 2�r3�
���2

��2

cos2�B d�. �7�

To interpret the exchanges between MR and MO, it is
also useful to split the AAM budget in Eq. (5) into two
parts (von Storch 2001) and to introduce the Coriolis
conversion term C:

dMO

dt
� C,

dMR

dt
� �C � T, �8�

where C � �4�r3��/2
��/2 cos2� sin� V d�.

c. AAM budget from the LMDz GCM and the
ECMWF model

An example of the evolution of the AAM in the
LMDz GCM is shown in Fig. 1a. We see that the ab-

solute AAM M expressed in units of hadley day (Hd,
where 1 Hd � 8.64 � 1022 kg m2 s�1) has a diurnal
cycle, which is hardly visible. On the contrary, MO and
Mr present daily fluctuations reaching 10 Hd (from
minima to maxima) that nearly exactly balance to give
a small daily cycle in M.

The corresponding tendencies of M, MR, and MO are
shown in Fig. 1b, which compares them to the total
torque T and to the mountain torque TM. We see that
the AAM budget in Eq. (5) expressed in units of had-
leys (H, where 1 H � 1018 kg m2) is well closed with the
tendency of M (thick solid) coinciding almost exactly
with the total torque T (plus). Note also that the total
torque is in large part due to the mountain torque TM

(thin solid). In particular, T presents daily oscillations
with amplitude �10 H, and which are essentially due to
TM. Note also that the two tendencies in MO and MR

(thick gray solid and thick gray dashed) present daily
fluctuations that are much more substantial and that
reach 100 H.

These oscillations between the mass and the wind
AAM are not specific to the LMDz GCM. This is illus-
trated in Fig. 2, which presents M, MO, and MR issued
from the ECMWF 10-day forecast, starting 1 February
2004, and for which the AAM data have been provided
every hour. It shows that the daily oscillations
between MR and MO are also substantial in the ECMWF
model. They compare rather well in amplitude and
phase with the corresponding oscillations in the LMDz
GCM (Fig. 1). It is also noticeable that the oscillations
of the mass AAM that we analyze are also present in
the ECMWF analysis (solid line with dots in Fig. 2).
This indicates that they are not related to an initial
adjustment of this model at the beginning of the fore-

FIG. 1. (a) The AAM budget, in the LMDz GCM for the first 10
days of February: total AAM (M, black solid), mass AAM (MO,
gray solid), and wind AAM (Mr, gray dashed). For clarity, each
curve has been shifted vertically. (b) As in (a) but for the first 5
days of February: global AAM tendency (dM/dt , thick black
solid), mass AAM tendency (dMO /dt , gray solid), wind AAM
tendency (dMR /dt , gray dashed), total torque (T, plus symbols),
and mountain torque (TM, thin solid).

FIG. 2. The AAM in the ECMWF model, 10-day forecast start-
ing 1 Feb 2004, and its corresponding analysis of total AAM (M:
black solid), mass AAM (MO: gray solid), wind AAM (Mr : gray
dashed), and mass AAM from the analysis (solid with dots). For
clarity, each curve has been shifted vertically.
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casts and that they are somehow present in the datasets
that are used to produce the analysis.

3. Tidal signals responsible for the mass and wind
AAM variations

a. Methodology and application to MO

To extract the diurnal and the subdiurnal signals
from the LMDz GCM we follow a conventional proce-
dure and first build a mean daily cycle for each quan-
tity. For the mean daily cycle of the mass AAM, for
instance, we evaluate for each 30 min of the day, the
yearly average of the value of MO at the same time.
From the resulting 48-point half-hourly time series we
then subtract the linear trend to ensure a perfect 24 h
period. We then extract the diurnal and subdiurnal sig-
nals by applying a Fourier decomposition to this mean
daily cycle.

The mean daily cycle for MO (not shown) has an
amplitude of 5–6 Hd. From minimum to maximum it
corresponds to the 10-Hd mass AAM daily fluctuations
that are directly apparent in Fig. 1a. The semidiurnal
and the diurnal cycles for the mass AAM are shown by
the thick dashed line in Figs. 3a and 3b, respectively.
Their amplitudes are comparable (around 2–3 Hd for
both), but their phases differ: the semidiurnal mass
AAM maximum is at t � 4.5 h and the diurnal mass
AAM maximum is at t � 7 h It is noticeable that the

contribution of the shorter periodicities is quite small
(not shown): the diurnal and the semidiurnal signals of
MO explain almost entirely the daily cycle of MO.

To sample the mean daily cycle from the ECMWF
model, we have also used 12 ECMWF 10-day forecasts
starting the first day of each month during the year
2004. We have then followed the same procedure to
construct a mean daily cycle and to extract the diurnal
and subdiurnal signals. The results (not shown) are in
good agreement with the diurnal and subdiurnal cycles
from the LMDz GCM in Fig. 3.

b. Semidiurnal zonal mean diagnostics

According to Eq. (6), MO strongly depends on the
latitudinal distribution of the zonal mean mass M . Its
semidiurnal component is shown in Fig. 4a at four dif-
ferent times separated by one-quarter period. At t � 4.5
h, the pattern of M presents an excess of mass every-
where in the tropical band (i.e., between 30°S and
30°N) equilibrated by a deficit of mass everywhere in
the midlatitude and polar regions. It is also at this time
that the semidiurnal component of MO is maximum
(Fig. 3a), and this is due to the fact that the atmospheric
masses have been moved away from the earth’s rota-
tion axis. At all times, the patterns for M are also rather

FIG. 3. Mass AAM and mass AAM budgets for (a) semidiurnal
and (b) diurnal cycles: mass AAM (MO, thick dashed), total
torque (T, plus), mountain torque (TM, thin), Coriolis conversion
(C, thick dots), total AAM tendency (dM/dt , thick solid), and
mass AAM tendency (dMO/dt , thick gray). Note that in (a) and
(b) the thin line for TM almost coincides with the thick line for
dM/dt.

FIG. 4. Semidiurnal cycle, in the LMDz GCM, of the zonal mean
and barotropic diagnostics for the zonal mean of (a) the surface
pressure (gM ), (b) the barotropic zonal momentum (U ), and (c)
the barotropic meridional momentum (V ).
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smooth and resemble the geopotential height of the
axisymmetric (s � 0) eigensolution of the Laplace tidal
equations with n � 2 nodes between the poles (see
LH68, Fig. 7). Furthermore, the location of the nodes at
� � �30° in Fig. 4a indicate that the Lamb parameter

	 �
4�2r2

gH0
,

of the n � 2 eigensolution in LH68 that fits the best the
patterns of M is near � � 10. Here H0 is an equivalent
depth associated with the vertical structure of the tidal
signal associated with M [see Chapman and Lindzen
(1970) and section 4 below].

The semidiurnal signal for U is shown in Fig. 4b. It is
everywhere negative at t � 4.5 h, thus yielding a nega-
tive MR (not shown). This pattern for U is also smooth,
with minima at t � 4.5 h located around � � �50°. This
again resembles to the zonal wind signal associated with
the n � 2, � � 10 eigensolution shown in LH68 (their
Fig. 7). The semidiurnal signal for V is shown in Fig. 4c;
it is antisymmetric with respect to the equator with only
1 node between the poles. It also resembles to the me-
ridional wind pattern associated with the n � 2, � � 10
eigensolution in LH68 (their Fig. 7).

It is noticeable that V is in temporal quadrature with
both M and U. For M it follows that V moves mass in
the latitudinal direction according to the mass conser-
vation in Eq. (2): in quadrature before M is maximum
in the equatorial region, V is large and positive in the
Southern Hemisphere and large and negative in the
Northern Hemisphere (at t � 1.5 h in Fig. 4c), produc-
ing a convergence of mass toward the equatorial band.
If we return to the budget for MO in Fig. 3a, we also see
that this pattern for V produces a maximum of the
Coriolis conversion term C at t � 1.5 h (dots in Fig. 3a).
Notably, the Coriolis conversion is one order of mag-
nitude larger than the torques (thin solid for TM and
plus for T), which explains why the variations in MO

(thick gray) are one order of magnitude larger than
those for M (thick black).

Note also that the displacement toward the equator
associated with V at t � 1.5 h in Fig. 4c produces nega-
tive tendencies for U via the Coriolis torque, implying
that U � 0 almost everywhere a quarter of cycle later
(at t � 4.5 h in Fig. 4b). Nevertheless, this last argument
is only valid if the Coriolis torque dominates the other
forcings of the barotropic zonal wind tendency �tU in
Eq. (1). This is confirmed in Fig. 5, which shows that at
t � 1.5 h the Coriolis term (thick gray) almost opposes
the U tendency (thick black). Both are much larger
than the sum of the three forcings F � T � B (dots in
Fig. 5a): their sum (thin line in Fig. 5a) equals F � T �
B almost exactly.

In the context of this budget, Fig. 5b compares the
three forcing terms, F, T, and B at t � 2.5 h. At this time,
the semidiurnal mountain torque TM (thin line in Fig.
3a) is at a maximum and the mountain stress T is posi-
tive everywhere, with a pronounced maximum in the
Northern Hemisphere at � � 35°N (thick solid). At this
time, the boundary layer stress B is substantially
smaller than T (thick dashed) and never becomes sub-
stantially larger than at other times (not shown). Al-
though it does not produce a global torque, the mo-
mentum flux divergence is also shown in Fig. 5b.
Clearly, it induces a redistribution of the angular mo-
mentum in latitude, which is locally comparable in am-
plitude with the effect of the mountain stress T .

c. Diurnal zonal mean diagnostics

The diurnal components for M, U, and V are more
complex than the semidiurnal components. To clarify
their description, we will next split each of them into
two parts that are symmetric and antisymmetric with
respect to the equator.

The antisymmetric part of M is shown in Fig. 6a. The
first time shown (t � 5 h, thick solid line) is also the
time at which M reaches its maximum value in the
Northern Hemisphere. This pattern is clearly domi-
nated by a planetary-scale structure in which the entire
mass in one hemisphere opposes that in the other. Its
structure resembles the height pattern associated with

FIG. 5. Zonal mean barotropic momentum budget, Eqs. (1) and
(2), showing semidiurnal signals (a) at t � 1.5 h of the zonal
momentum tendency (�tU , thick solid), Coriolis term (�2�
sin�V , thick gray solid), and lhs (thin) and rhs (dots) of Eq. (1)
and, (b) at t � 2.5 h of lhs of Eq. (1) (thick gray solid) of the
momentum flux divergence (F , thin solid), mountain stress (T , thick
black), and boundary layer stress (B , thick black dashed line).
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the n � 1, s � 0 eigensolution of the Laplace tidal
equations (Fig. 7 in LH68). Note that the anomalies in
mass in Fig. 6a are not very pronounced in the polar
regions and have maxima around �20°, suggesting a
value for the Lamb parameter � � 100 (see again Fig.
7 in LH68). The antisymmetric patterns of U in Fig. 6b
grossly corroborate those for M : they resemble the
zonal wind structure of the n � 1 eigensolution in
LH68. As the eigensolutions that are antisymmetric in
geopotential height and zonal wind are symmetric in
meridional wind, Fig. 6c shows the diurnal signal of the
symmetric part of V. At a given time, the sign of V is
almost independent of latitude and V has one well-
defined maximum at the equator. It thus exchanges
mass from one hemisphere to the other. Note also that
for V the resemblance with the n � 1, � � 100 eigen-
solution in LH68 is the best.

It is noticeable that this antisymmetric part of the
diurnal signal of M moves mass from one hemisphere to
the other. It does not produce M0 anomalies because it
does not move the mass away from the earth’s rotation
axis. Similarly, the equatorial antisymmetric part of U
in Fig. 6b does not affect the wind AAM. In agreement

with these results, the symmetric patterns for V in Fig.
6c results in a Coriolis conversion term [C in Eq. (8)]
that is exactly null.

The symmetric part of the diurnal signal of M is
shown in Fig. 7a. The thick solid line at t � 7 h is also
the time at which M is largest in the equatorial band. By
its shape, this pattern resembles the geopotential signal
associated with the n � 2 eigensolution of the tidal
equations. By comparison with LH68, the latitudinal
structure of M in Fig. 7a suggests a value for the Lamb
parameter again near � � 100. For U in Fig. 7b, the
resemblance with the zonal wind of the n � 2 eigenso-
lution is quite difficult to establish because U is quite
irregular. Nevertheless, note that U is negative at all
latitudes when M is positive in the equatorial band, a
property in common with the zonal wind of the n � 2
eigensolution in LH68. Finally the antisymmetric pat-
tern for the diurnal signal of V is shown in Fig. 7c. Its
shape is rather smooth, and the resemblance with the
meridional wind associated with the n � 2 eigensolu-
tion is rather good.

The fact that the patterns for V in Fig. 7c are rather
smooth while those for U in Fig. 7b are much more
irregular implies that, in the evolution for U in Eq. (1),
the role of the Coriolis force is not as prominent as it is

FIG. 6. Diurnal cycle, in the LMDz GCM, for zonal mean and
barotropic diagnostics of the zonal mean of (a) the surface pres-
sure (gM ) pattern antisymmetric with respect to the equator, (b)
the barotropic zonal momentum (U ) pattern antisymmetric with
respect to the equator, and (c) the barotropic meridional momen-
tum (V ) pattern symmetric with respect to the equator.

FIG. 7. As in Fig. 6 but for (a) the gM pattern symmetric, (b) the
U pattern symmetric, and (c) the V pattern antisymmetric with
respect to the equator.
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in the semidiurnal case. This point is illustrated in Fig.
8a, which shows that at t � 1 h the forcing term in the
lhs of Eq. (1) (thin solid) can become larger than the
Coriolis term (thick gray). At this time, this forcing is
particularly pronounced around latitude � � 30°N
where it is in good part equilibrated by the tendency for
the zonal-mean barotropic zonal wind U (thick solid)
rather than by the Coriolis term (thick gray).

To establish more precisely which among the three
forcings (F, T, or B) is producing the irregular patterns
in U, Fig. 8b compares F, T, and B at t � 13 h. At this
time, the diurnal mountain torque is at a maximum
(thin line in Fig. 3b), and the mountain stress T presents
a broad maximum in the Southern Hemisphere sub-
tropics (thick line in Fig. 8b). At the same time, the
divergence of the momentum flux F (thin line in Fig.
8b) presents a pronounced minimum in the NH mid-
latitudes, which has amplitude twice that of the maxi-
mum value of T . Here F is also much more irregular
than T , and this stays valid at other times (including at
t � 1 h as in Fig. 8a, not shown). Accordingly, it is likely
that the irregular structures of the U field in Fig. 7b are
in good part related to the forcing by the angular mo-
mentum flux divergence.

The AAM budgets associated with the diurnal pat-
terns in Fig. 7 are shown in Fig. 3b. In it, we see that the
V pattern at t � 1 h is almost at a maximum of the
Coriolis conversion terms C (dots in Fig. 3b). Here

again, note that the Coriolis conversion term C is one
order of magnitude larger than the total torque T.

4. Interpretation with a shallow-water model

a. Model description and experimental setup

The fact that the barotropic zonal mean flow respon-
sible for the large daily fluctuations in MR and MO

resembles the eigensolutions of the shallow-water
equations suggests that the stresses in the lhs of Eq. (1)
are associated with zonal-mean zonal forces that trigger
these resonant modes of motion. To illustrate how this
can occur, we consider a simplified model where a zon-
ally symmetric atmosphere responds to a small zonal-
mean dynamical forcing X. If we assume an atmosphere
that is isothermal at rest, the response to X can be
described using the hydrostatic linear set of equations:


0

�u

�t
� 2� sin�
0� � X, �9�


0

��

�t
� 2� sin�
0u � �

g

r

�h

��
, �10�

�

�t ��h
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� �1 � ��

h

H� �
�

H

0w � 0, �11�

�

�t

�h

�z
�

1
r cos�

�

��
cos�
0� �

�

�z

0w � 0. �12�

In Eqs. (9)–(12), u, 
, and w are the three components
of the zonal mean wind, �0 � exp(�z /H) is a nondi-
mensional profile for the basic density, and H is the
mean scale height H � RTr /g (where Tr is the tempera-
ture of the atmosphere at rest and R is the gas constant
for dry air). Finally, � � R/cp � 2/7 in which cp is the
specific heat at constant pressure, and the zonal mean
pressure has been written p � �rgh, where �r � 1 kg
m�3 is a constant reference density.

If we now assume that the forcing function is sepa-
rable in the vertical direction and can be written

X � X̃�t, �� exp��z�2H � �z�, �13�

where X̃ is a real function, a particular solution to the
set of Eqs. (9)–(12) can be searched in the form

�
0u, 
0�, 
0w, h� � �ũ, �̃, w̃, h̃��t, �� exp��z �2H � �z�.

�14�

After substitution, this yields to the linearized shallow-
water system:

FIG. 8. Zonal mean barotropic momentum budget, Eqs. (1) and
(2), showing diurnal signals (a) at t � 1 h of the zonal momentum
tendency (�tU , thick solid), Coriolis term (�2�sin�V , thick gray
solid), lhs (thin) and rhs (dots) of Eq. (1), and (b) at t � 13 h of
the lhs of Eq. (1) (thick gray solid), momentum flux divergence
(F , thin solid), mountain stress (T , thick black), and boundary
layer stress (B , thick black dashed).

JANUARY 2008 L O T T E T A L . 163



�ũ

�t
� 2� sin��̃ � X̃, �15�

��̃

�t
� 2� sin�ũ � �

g

r

�h̃

��
, �16�

�h̃

�t
�

H0

r cos�

�

��
cos��̃ � 0, �17�

where H0 is the equivalent depth:

H0 �
�H

1⁄4 � �2H2
. �18�

When X̃ � 0, Eqs. (15)–(17) are the equations for the
tides with zonal wavenumber zero (LH68).

To analyze the response to the forcing X̃ we solve the
shallow-water set of Eqs. (15)–(16) with the finite dif-
ference model described in Lott and d’Andrea (2005).
To specify X̃ we take from the GCM the semidiurnal
and the diurnal cycles of the stresses F, T, and B in Eq.
(4) (see also Figs. 5b and 8b) and equal each of them to
the stress due to X in Eq. (9). More specifically, and to
mimic the mountain forcing for instance, we evaluate
the surface stress associated with the zonal force X and
equal it to T :

�
0




rX dz �

r X̃

1⁄2H � �
� T . �19�

Using Eq. (13), this yields to X̃ � T /�rH0 in the baro-
tropic case in section 4b, and X̃ � 2�T /�rH0 in the
baroclinic case in section 4c. Then, the shallow-water
model is integrated over one year, with the amplitude
of the forcing increasing smoothly and uniformly during
the first six months. This reduces the influence of the
spinup in the model and ensures that the period of the
response at the end of the simulation is exactly that of
the forcing. We then analyze the response to each forc-
ings (F, T, and B) looking at the last day of the simula-
tions.

b. Barotropic configuration and semidiurnal
response

If we take for the parameter � the value

� �
1 � �

H
�

1
2H

,

then the equivalent depth H0 � H/(1 � �) and the
thermodynamic equation (11) implies that our particu-
lar solution w � 0: this solution also satisfies a free-slip
lower boundary condition and has the vertical structure

of a Lamb wave (Lamb 1932). In this configuration Eqs.
(15)–(17) satisfy the AAM budget:

d

dt
�MR � MO� � TX , �20�

where the wind AAM, mass AAM, and torque due to
X are

MR � 2�r3�
���2

���2

cos2�
rH0 ũ d�,

MO � 2�r4��
���2

���2

cos3�
r h̃ d�, �21�

TX � 2�r3�
���2

���2

cos2�
rH0X̃ d�. �22�

This AAM budget is close to the AAM budget in Eqs.
(5), replacing (i) U in the definition of MR in Eq. (6) by
�rH0 ũ, (ii) M in the definition of MO by �r h̃, and (iii)
the stresses (F, T, or B) in the definition of the torques
in Eq. (7) by �rH0X̃. Similarly, a separate budget for the
mass AAM can be written

dMO

dt
� C, �23�

where C � �4�r3��/2
��/2 cos2� sin� �rH0
̃ d�. Here the

Coriolis conversion term is as in Eq. (8) replacing V by
�rH0 
̃.

The semidiurnal evolution of the AAM budget in the
shallow-water model is presented in Fig. 9 when H0 �
9.5 km. When the forcing X̃ is keyed to the mountain
stress T , the mass AAM tendency (dMO /dt thick gray
solid) presents a semidiurnal cycle that far exceeds the
corresponding cycle in the absolute AAM tendency
(dM/dt thick solid). This comparatively large daily cycle
is due to the fact that the Coriolis conversion term (C,
black dots) far exceeds the mountain torque (TX, plus).
The corresponding amplitude of the cycle in MO is
around 2 Hd (thick gray in Fig. 9b), a value quantita-
tively comparable with the semidiurnal signal seen in
the mass AAM from the LMDz GCM (Fig. 3a). Note
also that the phase is almost correct with a maximum in
M0 at t � 5.5 h (Fig. 9a), while the maximum for MO in
the LMDz GCM is at t � 4.5 h (Fig. 3a).

To establish the significance of the other forcings,
Fig. 9b shows the mass AAM cycles when X̃ is keyed to
F and B. The amplitude of the MO response to F is also
quite large (gray dashed in Fig. 9b), but the phase is
almost in phase opposition with that found in the
LMDz GCM (Fig. 3a). Finally, note that the response
when the shallow-water model is keyed to B is signifi-
cantly smaller than for the two others (gray dots in Fig.
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9b). This naturally follows that the boundary layer
stress is by far the smallest stress at the semidiurnal
period (Fig. 5b).

The fields �rgh̃, �rH0 ũ, and �rH0 
̃ associated with the
semidiurnal mountain stress T are shown in Fig. 10. As
for the semidiurnal zonal mean and barotropic fields
from the LMDz GCM in Fig. 4, the shallow-water
model response resembles the second gravest mode
(n � 2) eigensolution of the axisymmetric (s � 0)
Laplace tidal equations shown in Fig. 7 of LH68. The
best correspondence is with the n � 2 eigensolution
associated with Lamb parameter � � 10, which follows
that the value H0 � 9.5 km yields � � 9.3. Note also that
the amplitudes of all fields from the shallow-water
model match relatively well the corresponding fields
from the GCM in Fig. 4.

c. Sensitivity test to the value of H0

To understand the shallow-water model response, it
is necessary to refer to Fig. 1 from LH68, where the
dispersion curves for the s � 0 eigensolutions of the
Laplace tidal equations are shown. From this figure, we
can deduce that for the semidiurnal frequency, �/2� �
1, the eigenvalues of the Lamb parameters �n increase
with n and the values of the leading ones are given by

	1 � 3 � 	2 � 10 � 	3 � 25 � · · · � 	n � 	n+1 � · · · .

�24�

When H0 � 9.5 km, the Lamb parameter � � 9.3 is near
�2 � 10 in Eq. (24), which means that the semidiurnal
forcing is in near resonance with the n � 2 eigenmode.
Note also that the forcing is subcritical regarding this
eigensolution, in the sense that the semidiurnal fre-
quency is smaller than the period of the n � 2 eigen-
solution of the shallow-water equation.

Because of this resonant behavior, it is important to
analyze the sensitivity of our result to the choice of H0.
This is done in Fig. 11, which shows the maximum am-
plitude and phase of the mass AAM response when the
forcing X̃ is keyed to the semidiurnal mountain stress T .
We see that there is a large range of values for H0 (from
9.2 to 10 km) that leads to maxima in M0 around MO �
1–3 Hd: our choice for H0 is not the one for which the
resonant amplification is extremely large (i.e., around
H0 � 8.9 km). Note also that the phase (i.e., the time at
which MO reaches its maximum value) is almost insen-
sitive to the value of H0, as long as our forcing is sub-
critical. Nevertheless, note that the whole response
changes sign (e.g., the time of the maximum for MO

FIG. 9. Semidiurnal responses in the shallow-water model with
H0 � 9.5 km: (a) AAM budget when the forcing X̃ is keyed to the
mountain stress T of the total AAM tendency (dM/dt, thick solid
line), mass AAM tendency (dM/dt, thick gray solid), torque due
to the forcing (TX, plus symbols), and Coriolis conversion term
(C, dots); (b) mass AAM cycle when X̃ is keyed to the various
stresses in Fig. 5a of the mountain stress (T , thick gray), momen-
tum flux divergence (F , thick gray dashed), boundary layer stress
(B , thick gray dots), and the sum (T � F � B , thick black solid).

FIG. 10. Semidiurnal response for the shallow-water model with
H0 � 9.5 km and when X̃ is keyed to the mountain stress T of the
(a) surface pressure (i.e., �r gh̃), (b) zonal momentum (i.e.,
�r H0 ũ), and (c) meridional momentum (i.e., �r H0 
̃).
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shifts by 6 h) when the forcing becomes supercritical
(here when H0 � 8.9 km).

d. Baroclinic configuration and diurnal response

If in the same configuration we impose diurnal forc-
ings in the shallow-water model (not shown), the re-
sponse resembles an n � 1 eigensolution of the tidal
equations, but its amplitude is very small compared to
the corresponding signal from the GCM in Fig. 6. To
understand this more precisely, it is necessary to recall
that for the diurnal frequency �/2� � 0.5 the leading
eigenvalues of the Lamb parameters are (from Fig. 1 in
LH68)

	1 � 25 � 	2 � 150 � 	3 � 400 � · · · � 	n

� 	n�1 � · · · . �25�

Hence, the response of the shallow-water model fol-
lows that, when � � 9.8, the closest eigenvalue of the
Lamb parameter is indeed for the gravest mode �1 � 25
but is quite far from it.

To produce more substantial diurnal signals, one
needs to consider diurnal forcings imposing a more
baroclinic response. In the simplified model [Eqs. (15)–
(17)], this can be done by taking for � a pure imaginary
value � � i�� where �� is real. In this case the forcing
changes sign at the altitude �/��, it decays more rapidly
with altitude than in the barotropic case, and

H0 �
�H

1⁄4 � ��2H2

can be substantially smaller than before. Although it
maintains simplicity, our shallow-water model has in
this case an important defect: w̃ is not null at the
ground, so the solution in Eq. (14) can only be a part of
the forced solution. As we are in a linear framework,
we must add to it a solution that is not forced inside the
flow, but for which the vertical velocity at the ground

opposes w̃. If we neglect it, nearly half (1–2� � 3/7
more exactly) of the meridional mass flux associated
with the solution in Eq. (14) passes through the lower
boundary instead of changing the atmospheric mass �r

h̃. This omission has a direct effect on the AAM budget,
which can now be written as

d

dt �MR �
1

2�
MO� � TX, �26�

where the wind AAM and the torque due to X are

MR � 2�r3�
���2

���2

cos2�
r

H0

2�
ũ d�,

TX � 2�r3�
���2

���2

cos2�
r

H0

2�
X̃ d�, �27�

while the mass AAM is as in Eq. (21). Its separate
budget is given by

d

dt

MO

2�
� C �28�

in which

C � �4�r3��
���2

��2

cos2� sin�
r

H0

2�
�̃ d�.

Again, this AAM budget is very close to the actual
AAM budget in Eq. (5): (i) taking for U in the defini-
tion of MR in Eq. (6) the value �r(H0 /2�)ũ; (ii) taking
for M in the definition of MO the value �r h̃; (iii) taking
for the stresses (F, T, and B) in the definition of the
torques in Eq. (7) the value �r(H0 /2�)X̃; and (iv) taking
for V in the definition of the Coriolis conversion term in
Eq. (8) the value


r

H0

2�
�̃.

1) H0 � 2.5 KM, n � 1 RESPONSE TO T

If the first zero of the diurnal forcing in Eq. (13) is
near �/�� � 30 km, the altitude H0 � 2.5 km, the Lamb
parameter � � 35 is closer to the diurnal value for �1 �
25, and the diurnal forcing is supercritical with regard to
the n � 1 eigensolution. In this case, the response of the
shallow-water model when X̃ is keyed to each of the
three stresses T, F, and B is dominated by an n � 1
eigensolution of the s � 0 Laplace tidal equations.
Again, the largest responses are those associated with
the mountain stress T and the angular momentum flux
divergence F. It is also for T that the phase is in better
agreement with the LMDz GCM results in Figs. 6a,b.
To illustrate this point, Figs. 12a,b show the equatori-
ally antisymmetric patterns for the surface pressure
�rgh̃ and for the zonal momentum �r(H0 /2�)ũ when X̃

FIG. 11. Semidiurnal mass AAM response in the shallow-water
model when X̃ is keyed to the mountain stress T . Sensitivity of the
amplitude (thick gray) and phase (dots) of MO to the value of the
equivalent depth H0 is shown.
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is keyed to T . Figure 12c shows the equatorially sym-
metric patterns of the meridional mass flux �r(H0 /2�)
̃

Clearly, for �r(H0 /2�)
̃ in Fig. 12c the agreement with
V from the LMDz GCM in Fig. 6c is quite good both in
phase and amplitude. For the zonal wind in Fig. 12b, the
resemblance is not as pronounced but stays fairly good;
in particular, the location of the jet maxima around
�30° is rather well reproduced. Finally, the surface
pressure pattern from the shallow-water model in Fig.
12a also has a good shape, but the amplitude is almost
half that of the corresponding one in Fig. 6a. This mis-
match with the mass fields from the GCM, while the
velocity fields compare in amplitude, is again associated
with the fact that the forced solution in the shallow-
water model only translates 2� of the meridional mass
flux �r(H0 /2�)
̃ into mass �r h̃.

As for the barotropic case, we have also checked that
the value for H0 chosen is not strictly ad hoc, in the
sense that it is not the value for which an extremely
strong response occurs. Finally, as the shallow-water
model response is largely dominated by the antisym-
metric responses in mass and zonal wind shown in Figs.

12a,b, it does not present signals in mass and wind
AAM tendencies exceeding substantially the diurnal
cycle of the total torque T.

2) H0 � 1 KM, n � 2 RESPONSE TO F

To produce a diurnal response with amplified signals
in mass and wind AAM, we have to consider that a
fraction of the diurnal forcing is even more baroclinic
than in the previous section. In the shallow-water
model, this can be done by considering that the first
zero of the forcing is near �/�� � 17 km. In this case,
H0 � 1 km, � � 90 is relatively close to �2 � 150, and
the diurnal forcing is subcritical with regard to the n �
2 eigensolution.

In this case, the strongest signal is still obtained when
X̃ is keyed to T and F. To document in one case the
structure of the response when the forcing follows the
angular momentum flux divergence, Figs. 13a,b show
the equatorially symmetric patterns for the surface
pressure �rgh̃ and for the zonal momentum �r(H0 /2�)ũ
resulting from the diurnal cycle in F when X̃ is keyed to
F. Figure 13c shows the equatorially antisymmetric pat-
terns of the meridional mass flux �r(H0 /2�)
̃ in the
same configuration.

FIG. 12. Diurnal response in the shallow-water model with
H0 � 2.5 km and when the forcing X̃ is keyed to the mountain
stress T of (a) the surface pressure (i.e., �r gh̃) pattern antisym-
metric with respect to the equator, (b) the zonal momentum [i.e.,
�r(H0 /2�)ũ] pattern antisymmetric with respect to the equator,
and (c) the meridional momentum [i.e., �r(H0 /2�)
̃] pattern sym-
metric with respect to the equator.

FIG. 13. As in Fig. 12 but with H0 � 1 km and the forcing X̃
keyed to F for (a) �r gh̃ symmetric, (b) �r(H0 /2�)ũ symmetric, and
(c) �r(H0 /2�)
̃ antisymmetric with respect to the equator.
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Again, it is for the meridional mass flux from the
shallow-water model [�r(H0 /2�)
̃ in Fig. 13c] that the
resemblance with the GCM is the best (V in Fig. 7c).
More specifically, in both models, the two extrema for
this quantity are located around �30°. The comparison
between the barotropic zonal winds in the [�r(H0 /2�)ũ
in Fig. 7b and U in Fig. 13b] is quite difficult, because
these fields are rather erratic in both models. This pro-
pensity for the momentum flux divergence to produce
irregular zonal wind fields was found to be quite sys-
tematic (e.g., it does occur for all values of H0). If re-
lated to the diurnal zonal mean budget, the signal for F
exceeds, in some places, the Coriolis force 2� sin�V
and is much more irregular [see Eq. (1), Fig. 8b, and the
corresponding discussion in section 3c]. This suggests
that the irregularities in the zonal wind from the LMDz
GCM in Figs. 7b are related to the angular momentum
forcing. Finally, the patterns for the surface pressure
from the shallow-water model in Fig. 13 also compare
relatively well with those from the GCM (once taken
into account the 2� factor on the amplitude discussed
above). In particular, the nodes at �30° are well lo-
cated. Nevertheless, in the shallow-water model the sig-
nal in the polar latitudes is very small, while it is sig-
nificant in the LMDz GCM. This difference is strongly
suggestive that we have decreased H0 too much to ob-
tain a diurnal signal with realistic amplitude.

It is also of interest to notice that in this baroclinic
case the shallow-water solution forced by F can produce
mass AAM variations that compare with those from the
GCM. This point is illustrated in Fig. 14, which shows
the mass AAM cycle associated with the response dis-
played in Fig. 13. We see that the mass AAM reaches
1 Hd and is entirely driven by a Coriolis conversion
term (C dots) around 10–15 Hd; again one order of
magnitude larger than the daily cycle of the torque
(Fig. 3b).

5. Conclusions

a. Summary

A 1-yr integration using the LMDz GCM has been
performed to analyze the axial angular momentum
budget at diurnal and subdiurnal periodicities. The
model results have been compared with 12 ECMWF
10-days forecasts and some ECMWF analysis products.

As the surface pressure tides result in longitudinal
pressure gradients across major mountain ranges, they
give rise to a surface stress T acting on the zonal mean
barotropic flow [Eqs. (1) and (4)]. Globally, this moun-
tain stress results in a mountain torque TM that has a
daily cycle of few hadleys [Eq. (7) and Fig. 1b]. This
translates in a daily cycle for the total torque T of the
same magnitude, the daily cycle of the boundary layer
torque TB being substantially smaller than that of TM.
The daily cycle of T produces variations in the total
angular momentum (M) that are almost one order of
magnitude below 1 Hd, that is, very small compared to
the amplitude of the natural variations of M. Neverthe-
less, this very small daily signal in M results, in fact,
from the cancellation between much stronger daily
cycles of the mass AAM MO and of the wind AAM MR

(their amplitudes are of a few hadleys, see Fig. 1 for the
LMDz GCM and Fig. 2 for the ECMWF forecasts and
analysis).

To interpret these large and almost canceling oscil-
lations, we have diagnosed, from the LMDz GCM, the
diurnal and semidiurnal cycles of three zonal mean and
barotropic fields: M, U, and V, whose latitudinal distri-
butions are directly related to the mass AAM (MO), the
wind AAM (MR), and the conversion (C) between
them, respectively.

The semidiurnal signals in M, U, and V are almost like
the n � 2 zonally symmetric (s � 0) eigensolution of the
Laplace tidal equations. It corresponds to a redistribu-
tion of masses (M) from the midlatitude and polar re-
gions toward the equatorial band (Fig. 4a) that results
in variations of the mass AAM MO of a few hadleys
(Fig. 3a). It also corresponds to variations in the zonal
wind U with two extrema in midlatitudes of the same
sign (Fig. 4b), which results in large variations of the
wind AAM MR. Via conservation of the zonal mean of
the atmospheric mass, M is driven by the transport of
meridional mass V (shown in Fig. 4c), while U is also
driven by V via the Coriolis torque (because the latter
dominates the other forcing terms of the U tendency in
the zonal mean of the zonal momentum budget; see Fig.
5). In terms of the AAM budget, this driving role of V
via the conservation of mass and via the Coriolis force
implies that the Coriolis conversion term C is one order

FIG. 14. Diurnal response for the mass AAM budget in the
shallow-water model with H0 � 1 km and when the forcing X̃ is
keyed to the momentum flux divergence F of the mass AAM
(gray solid), total AAM tendency (dM/dt � 0, black solid), mass
AAM tendency (here dMO /dt /2�, gray solid), mountain torque
(TF � 0, plus symbols), and Coriolis conversion (C, dots).
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of magnitude larger than the torque T in the separate
semidiurnal budgets of MO and MR (Fig. 3a).

The diurnal signals in M, U, and V are more complex
to interpret, so we separate, for each field, its symmetric
part from its antisymmetric part with respect to the
equator.

The equatorially antisymmetric diurnal cycles of M
and U, as well as the equatorially symmetric diurnal
cycle of V, are quite substantial and reminiscent of an
n � 1, s � 0 eigensolution of the Laplace tidal equation.
By construction, they cannot be associated with varia-
tions in axial mass AAM or wind AAM, and the sym-
metric part of V produces no Coriolis conversion be-
tween them.

For M, the equatorially symmetric patterns in Fig. 7a
also resemble the n � 2 zonally symmetric (s � 0)
eigensolution of the Laplace tidal equations. The same
is true for the antisymmetric part of V in Fig. 7c. Nev-
ertheless, the equatorially symmetric part of U in Fig.
6b is quite irregular in latitude when compared, for
instance, with the symmetric part of V in Fig. 6c. This
follows from the fact that the angular-momentum flux
divergence in the right-hand side of the zonal momen-
tum Eq. (1) is as large as the Coriolis term 2� sin�V.
Nevertheless, and for the same reason as for the semi-
diurnal signals, these different patterns explain the
large but opposite daily cycles in mass and wind AAM
(Fig. 3b).

We have then postulated that these large and com-
pensating diurnal and semidiurnal oscillations in MO

and MR result from a dynamical excitation of axisym-
metric free modes of oscillation and that these dynami-
cal forcings are also associated with the surface stresses
that affect the zonal-mean angular momentum budget
[Eq. (1)]. To support this hypothesis, we have used a
shallow-water model driven by dynamical forcings,
which vertically integrated equal the various zonal-
mean zonal stresses extracted from the LMDz GCM
[Eq. (19)].

If the shallow-water model configuration is barotro-
pic (taking for the equivalent depth H0 � 9.5 km), a
semidiurnal forcing keyed to the mountain stress in-
duces a response associated with mass and wind AAM
oscillations (Fig. 9a) consistent in amplitude and phase
with the semidiurnal oscillations seen in the LMDz
GCM (Fig. 1c). In the shallow-water model, the re-
sponse is also dominated by a planetary mode of oscil-
lation very similar to the n � 2 and s � 0 eigensolution
of the Laplace tidal equations (Fig. 10), which is also
very near the GCM’s results (Fig. 4). These results fol-
low that, in the shallow-water model, the semidiurnal
frequency is not far from the eigenfrequency of the n �
2 eigensolution. We also find a substantial n � 2 re-

sponse when the shallow-water model forcing is keyed
to the angular momentum flux divergence F, but we
find a substantially smaller response when it is keyed to
the boundary layer stress B. These results stay qualita-
tively unchanged when we vary the shallow-water
model depth, H0, between 9.2 and 10 km.

To obtain substantial effects at the diurnal frequency
in the shallow-water model, we need to consider a more
baroclinic setup. For instance, if we take for H0 a value
around H0 � 2.5 km, the diurnal response when the
shallow-water model forcing keyed to the mountain
stress T is dominated by a zonally symmetric planetary-
scale pattern, which is almost like an n � 1 eigensolu-
tion of the s � 0 Laplace tidal equations (Fig. 12). The
shallow-water model response is also close to the zonal
mean and barotropic diurnal signal in the LMDz GCM
for which the M and U patterns are antisymmetric with
respect to the equator and V is symmetric with respect
to the equator (Fig. 6). Again the shallow-water model
response is comparable when the forcing is keyed to F
but substantially smaller when it is keyed to B. By its
n � 1 structure, this response from the shallow-water
model does not produce amplified signals in mass and
wind AAMs.

To produce amplified diurnal signals in mass and
wind AAMs in the shallow-water model, one needs to
consider an even more baroclinic setup, for instance,
taking H0 � 1 km. In this case the response to all
stresses is dominated by large-scale circulation patterns
resembling the n � 2 eigensolution of the Laplace tidal
equations. In this case, a good fit with the results from
the LMDz GCM in Fig. 7 is found when the forcing is
keyed to the divergence of the momentum flux F (Figs.
13 and 14). The simulation with the shallow-water
model nevertheless shows a signal that is rather small at
high latitudes compared to the LMDz GCM diurnal
signal in Fig. 7. According to the shapes of the eigen-
solutions in Fig. 7 of LH68, this indicates that we have
decreased H0 too much. Interestingly, the barotropic
zonal wind in the shallow-water model response to F
(Fig. 13b) also presents a rather irregular structure.
This irregular structure is reminiscent of the one found
for U in the GCM (Fig. 7b), and this illustrates that the
divergence of the momentum flux also plays a signifi-
cant role in our problem.

b. Significance for geodesy and for the theory of
tides

The results that we presented have two potential do-
mains of application: geodesy and the theory of atmo-
spheric tides.

Concerning geodesy, it is noticeable that nowadays
the measurements of the earth orientation parameters
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become increasingly precise (Rothacher et al. 2001;
Schreiber et al. 2004). Accordingly, analysis of the dif-
ferent terms that affect their diurnal and subdiurnal
changes is an important topic of research (Rotacher et
al. 2001). To estimate the atmospheric contribution,
two methods have been used: the momentum approach
and the torque approach. In the first, the AAM of the
atmosphere is evaluated directly from atmospheric re-
analysis and the earth � ocean angular momentum var-
ies to equilibrate the AAM changes. In the second, the
torque of the atmosphere on the earth is evaluated di-
rectly from a combination of atmospheric analysis and
short-range forecasts. Although the two methods
should give exactly the same results, they present large
discrepancies at diurnal and subdiurnal periodicities
(DeViron et al. 2005). The presence of the large can-
celing terms between the mass AAM tendency and the
wind AAM tendency documented in this paper are
probably the origin of these errors for the axial com-
ponent of the AAM budget.

Still, in the context of geodesy, it is noticeable that
our axisymmetric modes exert an axisymmetric pres-
sure force on the earth’s surface. In particular, the semi-
diurnal and the diurnal modes with n � 2 can modify
the earth’s ellipticity at the corresponding periods. For
the same reason, the diurnal mode with n � 1 can affect
the diurnal cycle of the geocenter position along the
rotation axis.

Our results also have some implications for the
theory of atmospheric tides. In the observations, the
diurnal and semidiurnal s � 0 tidal signal in surface
pressure is close to 10 Pa (Dai and Wang 1999). Al-
though it represents only 10% of the surface pressure
tide, this value is not negligible: it corresponds in am-
plitude to the gravitational (lunar) tide (Goulter 2005).
If we assume that the LMDz GCM has a rather realistic
diurnal tidal signal and as we reproduce rather well in
phase and amplitude the s � 0 surface pressure signal
with our shallow-water model, we have established
here that the dynamical forcings of the zonal mean
zonal flow can force a good part of the s � 0 surface
pressure tide.

Nevertheless, it is quite clear that our reproduction,
with a linearized shallow-water model of those axisym-
metric and barotropic tidal signals, is not a definite
proof that they are due to the forcings analyzed in this
paper. To establish this more precisely, a more com-
plete tidal model should be used (see, e.g., Hagan 1996;
Hagan and Forbes 2002) and its axisymmetric response
to all the possible zonal mean forcings should be ana-
lyzed (e.g., dynamical as well as thermodynamical). The
latitudinal and vertical structures of these forcings

could also be deduced from the GCM, as it has been
done here for the latitudinal structures only.
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